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Abstract

In the present paper, some subclasses of multivalent functions defined in terms of
a fractional derivative are studied. Coefficient inequalities and other interesting
results are obtained.

1. Introduction

Let A(p) be the class of functions f(z) of the form

o0

f(z) = 2P + Zak+pzk+p, (p e N), (1.1)
k=1

that are analytic and multivalent in the open wunit disk
E={z:zeC,|z|<1}.

The fractional calculus are defined as follows (e.g., [5, 6]).
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Definition 1.1. The Riemann-Liouville fractional integral of order A

1s defined for the function f by
DMf(z) = —— j (- t)f@0)de, (> 0), (1.2)
)

where the function f(z) is analytic in a simply connected region of the
z-plane containing the origin, and the multiplicity of (z — t)xi1 is removed

by requiring log(z — t) to be real when z — ¢ > 0.

Definition 1.2. The Riemann-Liouville fractional derivative of order
A is defined for the function f by

1 d

D*f() = T —2) dz

j (z =ty f(t)dt, (0<n<1), (1.3)
0

where the function f(z) is analytic in a simply connected region of the

z-plane containing the origin, and the multiplicity of (z — t)_k is removed

by requiring log(z — t) to be real when z — ¢ > 0.

Definition 1.3. Under the hypothesis of Definition 1.2, the Riemann-

Liouville fractional derivative of order (¢ + A) is defined for the function f

by
+A d?
Dq f(Z):d—qD f(Z), (037\,<1,q ENO ZNU{O}) (14)
z

Upon applying the fractional derivative to both sides of (1.1), we get

DIM(2) = 4(p, @, NP0+ D bk + b @, Mag.,2 P (1)
k=1

where p >q, pe N, g e Ny, 0 <A <1, and

__ T(p+1)
0P, 0 1) = F e ) (1.6)
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A function f(z) € A(p) is said to be p-valent \- starlike function of order

o, if it satisfies the inequality

A+l
Re [Z?)x—f(};(;)j >a, (z€kE), 1.7

where 0 <a < p,0<A <1, and p e N. We denote by S*(p, A) the

class of p-valent A- starlike functions of order «.

A function f(z) € A(p) is said to be p-valent A-convex function of

order o, if it satisfies the inequality

A+2
Re (l +211))T1ff((5)] >a, (ze€kE), (1.8)

where 0 <a<p, 0<A <1, and p e N We denote by C*(p, 1) the

class of p-valent A- convex functions of order a.

Note that when A =0, then S%(p)=S%*p,0) and C%(p)=

C%(p, 0) are the well-known classes of p-valent starlike functions of

order o and p-valent convex functions of order «, see, e.g., [1, 2, 7].

Now, let us define the following subclass of multivalent analytic

functions as follows:

Definition 1.4. The class T%(p, q, A) consists of functions
f(z) € A(p) satisfying the inequality

ZDqHﬁlf(Z)

-p+q <p-oa, (1.9
DI f(z)
where p>q, peN,ge Ny, 0<A <1, and 0 < a < p.

Note that on setting ¢ = 0 and ¢ = 1 in Definition 1.4, we easily get
the classes S%(p,2) and C%(p, 1), respectively. In other words,

T%(p, 0, 1) = S*(p, ») and T%(p, 1, 1) = C*(p, 1).
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The purpose of the present investigation is to focus on the functions
f(z) belonging to the class T%(p, ¢, ») defined by (1.9) and to obtain
coefficient inequalities and some other interesting results.

It is useful here to recall Jack’s lemma [4], which is needed in the
present work.

Lemma 1.5. Let w(z) be a non-constant analytic function in E with
o(0) = 0. If |o(z)| attains its maximum value on the circle |z| = r <1 at

a point zg, then zyo(zg) = co'(zg), where ¢ is a real number satisfying

c>1.

2. Results for the Class T%(p, q, 1)

We begin by proving the following theorem in which coefficient
inequality for functions f(z) € A(p) belonging to the class T%(p, g, 1) is
established.

Theorem 2.1. Let f(z) € A(p) satisfy

X 1
Y ot e p-ralag, [ oarh) @D
k=1

where p>q,peN,geNy0<r<1l and 0<a<p Then f(z)e
T%p, q, 1).
Proof. Making use of (1.1) and (1.5), we get

zD4 +k+1f(2)
D f(z)

_[zD9 4 f(2) - (p - DT (2)

S )

[6(p, g +1, )= (P~ )8, @, WI2P~97 =" [0k + p, a +1,2) = (p = @)k + p, @, W] 2" P07
_ k=1

o(p, g, NP1 + Z ok + p, g, M) ay, pz"P7a7
k=1
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0

(0P, @ +1,2) = (P~ )o(p, @, V[P 97 + 3" ok + P, q +1,2) = (P = @)k + p, @, W ap 2770
< k=1

o0
—-q-\ k+p-q-r
o(p, @, VP =" 4k + p, @, Mlag, pll2*P
k=1

[0(p, @ +1,2) = (0~ )0(p, ¢, 1) + D, 6k + b, ¢ +1, 1)~ (0~ Q)o(k + D, @, )| @ p |
k=1

¢(pa q, ;\‘)_ Z ¢(k +p,q, }”)‘a’ker‘
k=1

<

(2.2)
This expression is bounded by (p - a), if
D Lotk + b, a+1,2)+(a - )bk + b, @, W)]|ags |
k=1
<(p-a)d(p, a, M) = |d(p, ¢ +1, 1) = (2 — )(p, g, 1)
<@2p-q-a)d(p, ¢, 2) - ¢(p, g +1, 1) (2.3)
Thus, by applying (1.6) and making use of the Pochhammer symbol
% = (a),, we easily get the (2.1) as a condition for f(z) to belong
to the class T%(p, q, A). O

Theorem 2.2. If f(z) € A(p) satisfies the inequality

1+ M -p+qg+ A
Dq+k+1
fz) 1 < 1 , 2.4)
ZDq+k+1f(Z) 2p—q—o — 2\

pige 0

where p>q,peN,qgeNy,0<A <1, and 0<a< p-~r Then f(z) e
T%p, g, 1)

Proof. Define the function w(z) by

1 ZDq+X+1f(z)

m(Z):p—oc—k Dq””f(z)

-p+qg+Al (2.5)
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It can be easily verified that o(z) satisfies the hypothesis of Lemma 1.5.

By logarithmic differentiation of (2.5), we can easily obtain

+A+2
1 zD1? f(z) N
+ Dq+7u+1f(z) p+q +
e zw'(z) 1
=(p-a k){1+ o(z) ’p—q—k+(p—(x—7»)co(z)}' 2.6)
Now, let
+A+2
+ w -p+qg+A
G(z) = D f(z) 1
ZDq+7L+1f(Z) ~ N }\‘
qg+i p+a+
DT f(2)
zw'(2) 1

" ok) P-d- T -a-RNe@) (&0

Therefore, from Lemma 1.5 and (2.7), we get

_|ee'(20) 1

|G(20)| Tl o(zg) " P-g-r+(p-a-Lw(z)

> ¢ ,
2p—q — o — 2\

c=>1,

which contradicts the inequality (2.4). Hence, we must have |w(z)| <1 for
all z € E.

So, we have

q+i+1
L DT ool <o <,
p-o—i || DT
which directly yields that f(z) e T%(p, g, ). O

By choosing suitable values of the parameters p, ¢, and A, one can

obtain several special cases concerning the coefficient inequalities and
other interesting results for various subclasses of multivalent and
univalent functions. Below, some of these results are contained in the
following corollaries.
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By setting ¢ = 0 and ¢ = 1, respectively, in Theorem 2.1, we get:

Corollary 2.3. Let f(z) € A(p) satisfy

1
Z@if—)i) (k+p 2= ag,| < (p-a+2), 28

where p e N,0 <A <1, and 0 < a < p. Then f(z) e S*(p, 1).
Corollary 2.4. Let f(z) € A(p) satisfy

Z((ﬁ+k))k (k+p—2-alap,|<(p-a+h), @.9)

where p e N,0 <A <1, and 0 <a < p. Then f(z) e C*(p, 1).

Moreover, if we set A =0 in Corollaries 2.3 and 2.4, we get the
coefficient inequalities for the subclasses S*(p) and C*(p) of multivalent
starlike and convex functions of order a, respectively.

Now, setting ¢ =0 and ¢q =1, respectively, in Theorem 2.2, we

obtain:

Corollary 2.5. If f(z) € A(p) satisfies

ZD)H—Z][(Z)
1+Dk+1f(z)_ ’ e (2.10)
ZD}LH}[(Z) N 2p — o — 22 ’
D)

where p e N,0 <X <1, and 0 < a < p. Then f(z) e S*(p, 1).

Corollary 2.6. If f(z) € A(p) satisfies
‘2 + M -p+ A

D7\,+1f(z) 4l 1
‘ 2DMLf(2) 2p—1-a -2)°

(2.11)

— A
D)
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where p e N,0 <A <1, and 0 <a < p. Then f(z) e C*(p, 1).

Moreover, let A = 0 in Corollary 2.5, we get:

Corollary 2.7. If f(z) € A(p), satisfies

2f"(2) _
—1+ @ P | (2.12)
2f'(z) 2p—a’ '
f(z)

where p € N and 0 < o < p. Then f(z) € S*(p).

3. More Results

In their paper, Irmak and Cho [3] studied the multivalent analytic
functions in the open unit disk by using integer order differential
operator. The results obtained are believed to be useful in geometric
function theory. In this section, it is intended to extend these results by
using a fractional order differential operator.

Theorem 3.1. Let f(z) e A(p), then

Re [ZDqHﬁlf(Z)
DT f(z)

J <p-q-XA
= [DYHf(2) < o(p, g, W[PITHT, (3.1)
where p > q, pe N, q e Ny, 0 <A <1, and §(p, q, A) is given by (1.6).
Proof. Let f(z) € A(p) and w(z) is defined as

DI f(z) = dp, @, 1PNz + ;%%pzk”)

= 8(p, ¢, )" Na(z). (3.2)
Differentiating (3.2) yields

DIf(2) = o(p, @, Mole) (p—q A1+ %S) P-4 (3.3)
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So, in view of (3.2) and (3.3), we have

qu+7»+lf(z)

D PO 20G) " (o(z) 2 0). (3.4)

o(z)

It is clear that w(z) satisfies the hypothesis of Lemma 1.5. We claim that

|o(z)] < 1. Indeed, if not, there exists zy € E such that ‘r‘ri‘ax‘|m(z)| =
NN

lo(zp)] = 1. Since, we have zy0'(zg) = co(zg), (¢ 2 1), from Lemma 1.5.

Thus with z = z;, we have from (3.4) that

+A+1 '
R 20D fzo) | R 290'(29)
o[t pma e me[ )

> p-q—A, (3.5)

which contradicts the condition in (3.1). Therefore (3.2) yields

D" f(2)
T op, q, Mo(z)] < o(p, g, 1),
which directly implies the result (3.1). O

Theorem 3.2. Let f(z) e A(n) and g(z) € A(m) with p=n-m,
(p, n, m € N) and suppose that

q+A
Re| 228G | g (zeB qeNy0<A<LB=0). (3.6
ZDq””Jrlg(Z)

If the inequality

D% g(z)( DU f(z)  ¢(n, g, 1) 1, 1
ID‘IM}‘(Z) DI Hgz)  ¢m. g, ) FeMprg)mg 6D
holds. Then
A Dq+7»
el

for p>q,peN,qge Ny, and 0 <A <1.
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Proof. In view of (1.1), (1.5), and (1.6), it is easily seen that

om, q.2) DU f(z) _ - _
o 0.7) Divg(z) Zp{l P ] ¢ Alp) = Am—n). (3.9

Now define the function w(z) by

o(m, ¢, 1) DIf(z) _ o
0(n, @, 1) " prtig(z) 271+ of2)]. (3.10)

Differentiating (3.10), then we get

o(m, g, %) D)
¢(n’ q9, }") ‘ zquJ'“lg(z)

: D% g(2)
= 1 _ 3.11
o)+ (20 plt +o(2)) B 3.11)
Now define the function F(z) by
[ DY) 4in, g, MJ
+A+
F(Z) _ Zqu lg(Z) ¢(m’ q, 7\') (312)
[ DT f(z) ]
2P DI g(2)
Then, in view of (3.10), we have
__o(2) 20/(2)] D% g(z)
PO - T e e (319

Now, as in the proof of Theorem 3.1, we claim that |m(2)| < 1, otherwise,

' +A
|F(z0)| _olz) +{p+zm(20)} D" "g(2) |

1+ a(z) o(20) | zoD9 1 g(z, )|

\%

20'(20)] D¥g(z0) | | olz0) |
|:p " ('0(20) :| 20Dq+}\'+lg(20 )| |1 + (’0(20 )|
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> Re[ p+ 29E0) | go[ D 8(z0) | p [ olz0)
o et )

(‘O(ZO ) Zqu-”ﬁ—lg(ZO ) 1+ m(ZO )

ZB(p+%)—%, (3.14)

which contradicts (3.7). Hence |o(z)] <1 for all ze E, and (3.10)
evidently yields the inequality (3.8). O

Theorem 3.3. Let f(z) € A(p), then

Zl)q+k+1f(2)

+A |p—q—X
DT f(2)

<z

Dq%f(Z)[ ~p+q+ XJ

= |DTf(2) - d(p, g, VP < [fP7TTE, (3.15)
where p > q, pe N, qe Ny, 0<A <1, and §(p, q, A) is given by (1.6).

Proof. Making use of (1.5) for f(z) € A(p), we get

DI f(2)

2 0(p.q. M) = ) okt b, g, Va2t = 0lz). (3.16)
o k=1

Differentiating (3.16) implies

+A
DUSG) (- g - 2)[0(p, 4, 1)+ 0l2)] + 20(2). (3.17)
ZP—a-2
So, we have
, B Dq+7mf(z) ZDq+7\,+1f(Z) B
zo'(z) = g D7) pP+qg+Ail|. (3.18)

Now, applying Lemma 1.5, if z = z;, we obtain |zgw'(z)| = clo(zg)| =
¢ > 1, which contradicts the condition in (3.15). So, we have |(n(z)| <1 for
all z € E, which completes the proof of the theorem. O

Note that the results obtained by Irmak and Cho [3] are special cases
of the theorems above, which can be deduced by setting A = 0.
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