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Abstract 

In the present paper, some subclasses of multivalent functions defined in terms of 
a fractional derivative are studied. Coefficient inequalities and other interesting 
results are obtained. 

1. Introduction 

Let ( )pA  be the class of functions ( )zf  of the form 

( ) ( ),,
1

N∈+= +
+

∞

=
∑ pzazzf pk

pk
k

p   (1.1) 

that are analytic and multivalent in the open unit disk 
{ }.1,: <∈= zzzE C  

The fractional calculus are defined as follows (e.g., [5, 6]). 



TARIQ O. SALIM 138

Definition 1.1. The Riemann-Liouville fractional integral of order λ  
is defined for the function f by 

( ) ( ) ( ) ( ) ( ),0,1 1

0

>λ−
λΓ

= −λλ− ∫ dttftzzfD
z

 (1.2) 

where the function ( )zf  is analytic in a simply connected region of the     

z-plane containing the origin, and the multiplicity of ( ) 1−λ− tz  is removed 

by requiring ( )tz −log  to be real when .0>− tz  

Definition 1.2. The Riemann-Liouville fractional derivative of order 
λ  is defined for the function f by 

( ) ( ) ( ) ( ) ( ),10,1
1

0

<λ≤−
λ−Γ

= λ−λ ∫ dttftzdz
dzfD

z

 (1.3) 

where the function ( )zf  is analytic in a simply connected region of the    

z-plane containing the origin, and the multiplicity of ( ) λ−− tz  is removed 

by requiring ( )tz −log  to be real when .0>− tz  

Definition 1.3. Under the hypothesis of Definition 1.2, the Riemann-
Liouville fractional derivative of order ( )λ+q  is defined for the function f 

by 

( ) ( ) ( { }).0,10, 0 ∪NN =∈<λ≤= λλ+ qzfD
dz
dzfD q

q
q  (1.4) 

Upon applying the fractional derivative to both sides of (1.1), we get 

( ) ( ) ( ) ,,,,,
1

λ−−+
+

∞

=

λ−−λ+ λ+φ+λφ= ∑ qpk
pk

k

qpq zaqpkzqpzfD  (1.5) 

where ,10,,, 0 <λ≤∈∈> NN qpqp  and 

( ) ( )
( ) .1

1,,
+λ−−Γ

+Γ=λφ qp
pqp  (1.6) 
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A function ( ) ( )pAzf ∈  is said to be p-valent -λ starlike function of order 

,α  if it satisfies the inequality 

( )
( )

( ),,Re
1

Ez
zfD

zfzD
∈α>








λ

+λ
 (1.7) 

where ,10,0 <λ≤<α≤ p  and .N∈p  We denote by ( )λα ,pS  the 

class of p-valent -λ starlike functions of order .α  

A function ( ) ( )pAzf ∈  is said to be p-valent -λ convex function of 

order ,α  if it satisfies the inequality 

( )
( )

( ),,1Re 1

2
Ez

zfD
zfzD

∈α>







+

+λ

+λ
 (1.8) 

where ,10,0 <λ≤<α≤ p  and .N∈p  We denote by ( )λα ,pC  the 

class of p-valent -λ convex functions of order .α  

Note that when ,0=λ  then ( ) ( )0,pSpS αα ≡  and ( ) ≡α pC  

( )0,pCα  are the well-known classes of p-valent starlike functions of 

order α  and p-valent convex functions of order ,α  see, e.g., [1, 2, 7]. 

Now, let us define the following subclass of multivalent analytic 
functions as follows: 

Definition 1.4. The class ( )λα ,, qpT  consists of functions 

( ) ( )pAzf ∈  satisfying the inequality 

( )
( )

,
1

α−<+−
λ+

+λ+
pqp

zfD
zfzD

q

q
 (1.9) 

where ,10,,, 0 <λ≤∈∈> NN qpqp  and .0 p<α≤  

Note that on setting 0=q  and 1=q  in Definition 1.4, we easily get 

the classes ( )λα ,pS  and ( ),, λα pC  respectively. In other words, 

( ) ( )λ=λ αα ,,0, pSpT  and ( ) ( ).,,1, λ=λ αα pCpT  
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The purpose of the present investigation is to focus on the functions 

( )zf  belonging to the class ( )λα ,, qpT  defined by (1.9) and to obtain 

coefficient inequalities and some other interesting results. 

It is useful here to recall Jack’s lemma [4], which is needed in the 
present work. 

Lemma 1.5. Let ( )zω  be a non-constant analytic function in E with 

( ) .00 =ω  If ( )zω  attains its maximum value on the circle 1<= rz  at 

a point ,0z  then ( ) ( ),000 zczz ω′=ω  where c is a real number satisfying 

.1≥c  

2. Results for the Class ( )λα ,, qpT  

We begin by proving the following theorem in which coefficient 

inequality for functions ( ) ( )pAzf ∈  belonging to the class ( )λα ,, qpT  is 

established. 

Theorem 2.1. Let ( ) ( )pAzf ∈  satisfy 

( )
( ) ( ) ( ),1

1

1
λ+α−≤α−λ−+

λ−−+
+

+

∞

=
∑ papkqp

p
pk

k
k

k
 (2.1) 

where ,10,,, 0 <λ≤∈∈> NN qpqp  and .0 p<α≤  Then ( ) ∈zf  

( ).,, λα qpT  

Proof. Making use of (1.1) and (1.5), we get 

( )
( )

( ) ( ) ( )
( )zfD

zfDqpzfzDqp
zfD

zfzD
q

qq

q

q

λ+

λ++λ+

λ+

+λ+ −−=+−
11

 

[ ( ) ( ) ( )] [ ( ) ( ) ( )]

( ) ( ) λ−−+
+

∞

=

λ−−

λ−−+
+

∞

=

λ−−

λ+φ+λφ

λ+φ−−λ++φ−λφ−−λ+φ

=

∑

∑
qpk

pk
k

qp

qpk
pk

k

qp

zaqpkzqp

zaqpkqpqpkzqpqpqp

,,,,

,,,1,,,,1,

1

1
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( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) λ−−+
+

∞

=

λ−−

λ−−+
+

∞

=

λ−−

λ+φ−λφ

λ+φ−−λ++φ+λφ−−λ+φ

≤

∑

∑
qpk

pk
k

qp

qpk
pk

k

qp

zaqpkzqp

zaqpkqpqpkzqpqpqp

,,,,

,,,1,,,,1,

1

1
 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

.

,,,,

,,,1,,,,1,

1

1

∑

∑
∞

=
+

+

∞

=

λ+φ−λφ

λ+φ−−λ++φ+λφ−−λ+φ

<

k
pk

pk
k

aqpkqp

aqpkqpqpkqpqpqp
 

(2.2) 

This expression is bounded by ( ),α−p  if 

[ ( ) ( ) ( )] pk
k

aqpkqqpk +

∞

=

λ+φα−+λ++φ∑ ,,,1,
1

 

( ) ( ) ( ) ( ) ( )λφ−−λ+φ−λφα−≤ ,,,1,,, qpqpqpqpp  

( ) ( ) ( ).,1,,,2 λ+φ−λφα−−≤ qpqpqp  (2.3) 

Thus, by applying (1.6) and making use of the Pochhammer symbol 
( )
( ) ( ) ,naa

na =
Γ
+Γ  we easily get the (2.1) as a condition for ( )zf  to belong 

to the class ( ).,, λα qpT     

Theorem 2.2. If ( ) ( )pAzf ∈  satisfies the inequality 

( )
( )

( )
( )

,22
11

1

1

1

2

λ−α−−
<−

λ++−

λ++−+

λ+

+λ+

+λ+

+λ+

qp
qp

zfD
zfzD

qp
zfD
zfzD

q

q

q

q

 (2.4) 

where ,10,,, 0 <λ≤∈∈> NN qpqp  and .0 λ−<α≤ p  Then ( ) ∈zf  

( ).,, λα qpT  

Proof. Define the function ( )zω  by 

( ) ( )
( )

.1 1








λ++−

λ−α−
=ω

λ+

+λ+
qp

zfD
zfzD

pz q

q
 (2.5) 
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It can be easily verified that ( )zω  satisfies the hypothesis of Lemma 1.5. 

By logarithmic differentiation of (2.5), we can easily obtain 

( )
( )

λ++−+
+λ+

+λ+
qp

zfD
zfzD

q

q

1

2
1  

( ) ( )
( ) ( ) ( ) .1.1 





ωλ−α−+λ−−ω
ω′

+λ−α−= zpqpz
zzp  (2.6) 

 Now, let 

( )

( )
( )

( )
( )

1
1

1

1

2

−

λ++−

λ++−+

=

λ+

+λ+

+λ+

+λ+

qp
zfD

zfzD

qp
zfD
zfzD

zG

q

q

q

q

 

    ( )
( ) ( ) ( ) .1. zpqpz

zz
ωλ−α−+λ−−ω

ω′
=  (2.7) 

Therefore, from Lemma 1.5 and (2.7), we get 

 ( ) ( )
( ) ( ) ( )00

0
0

1. zpqpz
zzzG

ωλ−α−+λ−−ω
ω′

=  

  ,1,22 ≥
λ−α−−

≥ cqp
c  

which contradicts the inequality (2.4). Hence, we must have ( ) 1<ω z  for 
all .Ez ∈  

So, we have 

( )
( )

( ) ,11 1
<ω<









λ−+−
λ−α− λ+

+λ+
zqp

zfD
zfzD

p q

q
 

which directly yields that ( ) ( ).,, λ∈ α qpTzf     

By choosing suitable values of the parameters ,, qp  and ,λ  one can 
obtain several special cases concerning the coefficient inequalities and 
other interesting results for various subclasses of multivalent and 
univalent functions. Below, some of these results are contained in the 
following corollaries. 
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By setting 0=q  and ,1=q  respectively, in Theorem 2.1, we get: 

Corollary 2.3. Let ( ) ( )pAzf ∈  satisfy 

( )
( ) ( ) ( ),1

1

1
λ+α−≤α−λ−+

λ−+
+

+

∞

=
∑ papkp

p
pk

k
k

k
 (2.8) 

where ,10, <λ≤∈ Np  and .0 p<α≤  Then ( ) ( )., λ∈ α pSzf  

Corollary 2.4. Let ( ) ( )pAzf ∈  satisfy 

( )
( ) ( ) ( ),

1

1
λ+α−≤α−λ−+

λ−
+

+

∞

=
∑ papkp

p
pk

k
k

k
 (2.9) 

where ,10, <λ≤∈ Np  and .0 p<α≤  Then ( ) ( )., λ∈ α pCzf  

Moreover, if we set 0=λ  in Corollaries 2.3 and 2.4, we get the 

coefficient inequalities for the subclasses ( )pSα  and ( )pCα  of multivalent 
starlike and convex functions of order ,α  respectively. 

Now, setting 0=q  and ,1=q  respectively, in Theorem 2.2, we 
obtain: 

Corollary 2.5. If ( ) ( )pAzf ∈  satisfies 

( )
( )

( )
( )

,22
11

1

1

1

2

λ−α−
<−

λ+−

λ+−+

λ

+λ

+λ

+λ

p
p

zfD
zfzD

p
zfD
zfzD

 (2.10) 

where ,10, <λ≤∈ Np  and .0 p<α≤  Then ( ) ( )., λ∈ α pSzf  

Corollary 2.6. If ( ) ( )pAzf ∈  satisfies 

( )
( )

( )
( )

,212
11

2

1

1

2

λ−α−−
<−

λ+−

λ+−+

λ

+λ

+λ

+λ

p
p

zfD
zfzD

p
zfD
zfzD

 (2.11) 
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where ,10, <λ≤∈ Np  and .0 p<α≤  Then ( ) ( )., λ∈ α pCzf  

Moreover, let 0=λ  in Corollary 2.5, we get: 

Corollary 2.7. If ( ) ( ),pAzf ∈  satisfies 

( )
( )

( )
( )

,2
11

1

α−
<−

−
′

−
′
′′

+

ppzf
zfz

pzf
zfz

 (2.12) 

where N∈p  and .0 p<α≤  Then ( ) ( ).pSzf α∈  

3. More Results 

In their paper, Irmak and Cho [3] studied the multivalent analytic 
functions in the open unit disk by using integer order differential 
operator. The results obtained are believed to be useful in geometric 
function theory. In this section, it is intended to extend these results by 
using a fractional order differential operator. 

Theorem 3.1. Let ( ) ( ),pAzf ∈  then 

( )
( )

λ−−<







λ+

+λ+
qp

zfD
zfzD

q

q 1
Re  

( ) ( ) ,,, 1−λ−−λ+ λφ<⇒ qpq zqpzfD  (3.1) 

where ,10,,, 0 <λ≤∈∈> NN qpqp  and ( )λφ ,, qp  is given by (1.6). 

Proof. Let ( ) ( )pAzf ∈  and ( )zω  is defined as 

( ) ( ) ( ( )
( ) )1

1

1
,,

,,,, +
+

∞

=

−λ−−λ+
λφ
λ+φ

+λφ= ∑ k
pk

k

qpq zaqp
qpkzzqpzfD  

( ) ( ).,, 1 zzqp qp ωλφ= −λ−−  (3.2) 

Differentiating (3.2) yields 

( ) ( ) ( ) ( ( )
( ) ) .1,, 1−λ−−λ+

ω
ω′+−λ−−ωλφ= qpq zz

zzqpzqpzfzD  (3.3) 
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So, in view of (3.2) and (3.3), we have 

( )
( )

( )
( ) ( )( ).0,1

1
≠ω

ω
ω′+−λ−−=

λ+

+λ+
zz

zzqp
zfD

zfzD
q

q
 (3.4) 

It is clear that ( )zω  satisfies the hypothesis of Lemma 1.5. We claim that 
( ) .1<ω z  Indeed, if not, there exists Ez ∈0  such that ( ) =ω

≤
z

zz 0
max  

( ) .10 =ω z  Since, we have ( ) ( ) ( ),1,000 ≥ω=ω′ czczz  from Lemma 1.5. 
Thus with ,0zz =  we have from (3.4) that 

( )
( )

( )
( ) 








ω
ω′

+−λ−−=









λ+

+λ+

0
00

0

0
1

0 Re1Re z
zzqp

zfD
zfDz

q

q
 

,λ−−≥ qp  (3.5) 

which contradicts the condition in (3.1). Therefore (3.2) yields 

( ) ( ) ( ) ( ),,,,,1 λφ≤ωλφ=
−λ−−

λ+
qpzqp

z
zfD

qp

q
 

which directly implies the result (3.1).    

Theorem 3.2. Let ( ) ( )nAzf ∈  and ( ) ( )mAzg ∈  with ,mnp −=  
( )N∈mnp ,,  and suppose that 

( )
( )

( ).0,10,,,Re 01 ≥β<λ≤∈∈β>







+λ+

λ+
NqEz

zgzD
zgD

q

q
 (3.6) 

If the inequality 

( )
( )

( )
( )

( )
( ) ( ) ,2

1
2
1

,,
,,

1

1
−+β<








λφ
λφ

−
+λ+

+λ+

λ+

λ+
pzqm

qn
zgD
zfD

zfD
zgD p

q

q

q

q
 (3.7) 

holds. Then 

( )
( )

( )
( )

,.,,
,, pp

q

q
zz

zgD
zfD

qn
qm

<−
λφ
λφ

λ+

λ+
 (3.8) 

for ,,, 0NN ∈∈> qpqp  and .10 <λ≤  
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Proof. In view of (1.1), (1.5), and (1.6), it is easily seen that 

( )
( )

( )
( )

( ) ( ).1.,,
,,

1
nmApAzcz

zgD
zfD

qn
qm k

pk
k

p
q

q
−=∈













+=

λφ
λφ

+

∞

=
λ+

λ+

∑  (3.9) 

Now define the function ( )zω  by 

( )
( )

( )
( )

( )[ ].1.,,
,, zz

zgD
zfD

qn
qm p

q

q
ω+=

λφ
λφ

λ+

λ+
 (3.10) 

Differentiating (3.10), then we get 

( )
( )

( )
( )

1.,,
,,

1

1
−

λφ
λφ

+λ+

+λ+

zgDz
zfD

qn
qm

qp

q
 

( ) [ ( ) ( )( )] ( )
( )

.1 1 zgzD
zgDzpzzz q

q

+λ+

λ+
ω++ω′+ω=  (3.11) 

Now define the function ( )zF  by 

( )

( )
( )

( )
( )

( )
( )

.
,,
,,

1

1


















λφ
λφ

−

=

λ+

λ+

+λ+

+λ+

zgDz
zfD

qm
qn

zgDz
zfD

zF

qp

q

qp

q

 (3.12) 

Then, in view of (3.10), we have 

( ) ( )
( )

( )
( )

( )
( )

.1 1 zgzD
zgD

z
zzpz

zzF q

q

+λ+

λ+







ω
ω′++

ω+
ω=  (3.13) 

Now, as in the proof of Theorem 3.1, we claim that ( ) ,1<ω z  otherwise, 

( ) ( )
( )

( )
( )

( )
( )0

1
0

0
0
0

0
0

0 1 zgDz
zgD

z
zzpz

zzF q

q

+λ+

λ+







ω
ω′

++
ω+

ω
=  

( )
( )

( )
( )

( )
( )0
0

0
1

0

0
0
0

1 z
z

zgDz
zgD

z
zzp q

q

ω+
ω

−





ω
ω′

+≥
+λ+

λ+
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( )
( )

( )
( )

( )
( ) 






ω+
ω

−

















ω
ω′

+≥
+λ+

λ+

0
0

0
1

0

0
0
0

1ReReRe z
z

zgDz
zgD

z
zzp q

q
 

( ) ,2
1

2
1 −+β≥ p  (3.14) 

which contradicts (3.7). Hence ( ) 1<ω z  for all ,Ez ∈  and (3.10) 

evidently yields the inequality (3.8).    

Theorem 3.3. Let ( ) ( ),pAzf ∈  then 

( ) ( )
( )

λ−−
λ+

+λ+
λ+ <








λ++− qp

q

q
q zqp

zfD
zfzDzfD

1
 

( ) ( ) ,,, λ−−λ−−λ+ <λφ−⇒ qpqpq zzqpzfD  (3.15) 

where ,10,,, 0 <λ≤∈∈> NN qpqp  and ( )λφ ,, qp  is given by (1.6). 

Proof. Making use of (1.5) for ( ) ( ),pAzf ∈  we get 

( ) ( ) ( ) ( ).,,,,
1

zzaqpkqp
z

zfD k
pk

k
qp

q
ω=λ+φ=λφ− +

∞

=
λ−−

λ+

∑  (3.16) 

Differentiating (3.16) implies 

( ) ( ) [ ( ) ( )] ( ).,, zzzqpqp
z

zfD
qp

q
ω′+ω+λφλ−−=

λ−−

λ+
 (3.17) 

So, we have 

( ) ( ) ( )
( )

.
1









λ++−=ω′

λ+

+λ+

λ−−

λ+
qp

zfD
zfzD

z
zfDzz q

q

qp

q
 (3.18) 

Now, applying Lemma 1.5, if ,0zz =  we obtain ( ) ( ) =ω=ω′ 000 zczz  

,1≥c  which contradicts the condition in (3.15). So, we have ( ) 1<ω z  for 

all ,Ez ∈  which completes the proof of the theorem.    

Note that the results obtained by Irmak and Cho [3] are special cases 
of the theorems above, which can be deduced by setting .0=λ  
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